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Chern-Simons as a geometrical setup for three-dimensional gauge theories
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Three-dimensional Yang-Mills gauge theories in the presence of the Chern-Simons action are seen as being
generated by the pure topological Chern-Simons term through nonlinear covariant redefinitions of the gauge
field. @S0556-2821~98!02614-9#

PACS number~s!: 11.10.Gh
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I. INTRODUCTION

In a previous paper@1#, it has been observed that th
topological three-dimensional massive Yang-Mills gau
theory whose expression is given by the sum of the Ya
Mills action and of the Chern-Simons term@2#

SY M~A!1SCS~A!, ~1.1!

with

SY M~A!5
1

4m
tr E d3xFmnFmn, ~1.2!

and

SCS~A!5 1
2 tr E d3x«mnr~Am]nAr1 2

3 gAmAnAr!, ~1.3!

can be cast in the form of a pure Chern-Simons act
through a nonlinear redefinition of the gauge connecti
namely

SY M~A!1SCS~A!5SCS~Â!, ~1.4!

with

Âm5Am1 (
n51

`
1

mn qm
n ~D,F !. ~1.5!

The coefficientsqm
n (D,F) in Eq. ~1.5! turn out to belocal

andcovariant, meaning that they are built only with the fiel
strength1 Fmn ,

Fmn5]mAn2]nAm1g@Am ,An#, ~1.6!

and the covariant derivativeDm

Dm5]m1g@Am ,#. ~1.7!

The two parametersg,m in the above expressions identif
the gauge coupling constant and the so called topolog

1As usual the gauge fieldAm is meant to be Lie algebra valued
Am5Am

a Ta, Ta being the anti-Hermitian generators of a semisim
Lie group.
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mass@2#. According to the parametrization chosen for t
topological massive Yang-Mills action~1.1!, we can assign
mass dimension 1 to the gauge fieldAm , so that the param-
etersg,m are, respectively, of mass dimension 0 and 1.

For instance, for the first four coefficients of the expa
sion ~1.5!, we have@1#

qm
1 5 1

4 «mstF
st,

qm
2 5 1

8 DsFsm ,

qm
3 52

1

16
«mstD

sDrFrt1
g

48
«mst@Fsr,Fr

t #,

qm
4 52

5

128
D2DrFrm1

5

128
DnDmDlFln

2
7

192
g@DrFrt ,Fm

t #2
1

48
g@DnFml ,Fln#. ~1.8!

This work attempts to provide a detailed and se
contained cohomological analysis of the Eq.~1.4! and of the
covariant character of the coefficientsqm

n (D,F). Further-
more, the formulas~1.4!, ~1.5! will be generalized to any
local2 gauge invariant Yang-Mills type action:3 *FD2F, etc.
These features will enable us to interpret the topologi

2As we shall see in the Sec. V, a rather large class of nonlo
gauge invariant actions can be contemplated as well.

3According to the BRST analysis of gauge theories@3–5#, the
name Yang-Mills type action is employed here to denote a gen
integrated local invariant polynomial with vanishing ghost numb
built only with the field strengthF and its covariant derivatives
The corresponding actions are of a very different nature with
spect to the Chern-Simons term, which is known to be BRST
variant only up to a total derivative. It belongs thus to the so cal
BRST cohomology modulod, d being the space-time differentia
Although the present considerations are referred to the flat Euc
ean space-time, it is worth recalling that while the Chern-Simo
term turns out to be metric independent, when defined on cur
spaces, the Yang-Mills type actions couple in a nontrivial and dir
way to the space-time metric@4#.
© 1998 The American Physical Society10-1
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Chern-Simons term as a gauge invariant functional acting
a suitably defined space of gauge connections. Any gi
local Yang-Mills type action is thus obtained by evaluati
the Chern-Simons functional at a specific point of this spa
yielding thus a pure geometrical set up for the thre
dimensional gauge theories.

The work is organized as follows. In Sec. II we review t
Becchi-Rouet-Stora-Tyutin~BRST! cohomology of three-
dimensional gauge theories in the presence of the Ch
Simons action. In Sec. III we establish some general g
metrical features of the topological Chern-Simons te
which will account for the covariant character of the coe
cientsqm

n and for the Eq.~1.4!. Section IV deals with the
generalization to a generic Yang-Mills type action. Althou
the content of this paper refers mainly to geometrical aspe
Sec. V will be devoted to the consequences following fro
the relation~1.4! at the quantum level. Further possible a
plications will be also outlined.

II. BRST COHOMOLOGY OF YANG-MILLS THEORY IN
THE PRESENCE OF THE CHERN-SIMONS TERM

A. Generalities

The BRST cohomology of the Yang-Mills gauge theori
has been studied extensively in the last years. Very gen
results and theorems have been established in any space
dimension@3–5#, being easily adapted to the present ca
Following the standard procedure@6,7#, the BRST differen-
tial s corresponding to the topological massive Yang-Mi
action ~1.1! is given by

sAm5Dmc,

sc52gc2,

sAm* 5
1

2
«mnrFnr1

1

m
DnFmn2g$Am* ,c%,

sc* 5DmAm* 1g@c* ,c#, ~2.1!

with c being the Faddeev-Popov ghost and (Am* ,c* ) identi-
fying the two antifields needed in order to implement in c
homology @5# the equations of motion stemming from th
action ~1.1!. The fields and antifields (Am ,c,Am* ,c* ) carry,
respectively, ghost number (0,1,21,22).

In order to provide a cohomological understanding of
Eq. ~1.4!, we have first to specify the appropriate function
space for the BRST differential. As suggested by the
~1.5!, the latter will be identified with the space of the int
grated local polynomials in the fields and antifields of ar
trary dimension. More precisely, the operators will be al-
lowed to act on the functional space of the integrated lo
formal power series in the fields and antifields. This choic
the most suitable one in view of the generalization of the
~1.4! to higher order Yang-Mills type actions,*FD2F,
*FD2D2F, etc., which will be discussed later on. The
terms fit naturally in the space of the local formal pow
series in the fields and antifields. Observe also that the
verse of the topological mass can be interpreted as the
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pansion parameter for the formal power series belonging
this functional space, as in the case of the coefficientsqm

n of
the nonlinear field redefinition~1.5!.

It is rather simple now to convince ourselves that, with
the space of the local formal power series, the presenc
the Chern-Simons term in the initial action~1.1! allows us to
implement a recursive procedure which trivializes any BR
invariant term containing onlyF and its covariant deriva-
tives. In order to have a direct and simple idea of the me
ing of this statement, it is sufficient to consider the so cal
Abelian approximation of the BRST transformations~2.1!,
namely

s→s0 , ~2.2!

with

s0Am5]mc,

s0c50,
~2.3!

s0Am* 5
1

2
«mnrF0nr1

1

m
]nFmn

0 ,

s0c* 5]mAm* ,

and

Fmn
0 5]mAn2]nAm . ~2.4!

From Eqs.~2.3! we see that thes0-transformations of the
fields and antifields correspond to the case in which all~an-
ti!commutators have been discarded, reducing thus to a s
Abelian transformations. The operators0 is actually the first
term of the decomposition of the full BRST differentials
according to the filtering operator@8,7#

N5tr E d3xS Am

d

dAm
1c

d

dc
1Am*

d

dAm*
1c*

d

dc* D .

~2.5!

As it is well known, the relevance of the operators0 is due to
a very general theorem@8,7# on the BRST cohomology
which states that the cohomology of the complete BR
differentials is isomorphic to a subspace of the cohomolo
of the operators0 . This implies, in particular, that if the
cohomology ofs0 is trivial, that of the full operators will be
empty as well.

Let us now proceed by rewriting the third equation of E
~2.3! in the following form

Fmn
0 5s0~«mnrA* r!2

1

m
«mnr]lF0rl, ~2.6!

where use has been made of the Euclidean normalizatio

«mnr«mst5ds
n dt

r2dt
nds

r . ~2.7!

From the Eq.~2.6! we see that we can replace the fie
strengthFmn

0 by a pure BRST variation with in addition
term of higher dimension containing a space-time derivat
0-2
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and a factor 1/m. The Eq.~2.6! has the meaning of a recu
sive formula sinceFmn

0 appears on both sides, thereby allo
ing us to expressFmn

0 as a pures0-variation: i.e.,

Fmn
0 5s0~«mnrA* r!2

1

m
«mnr]lF0rl

5s0S «mnrA* r2
1

m
~]mAn* 2]nAm* ! D

1
1

m2 ~]m]sFns
0 2]n]sFms

0 !

5s0S «mnrA* r2
1

m
~]mAn* 2]nAm* !

1
1

m2 ~«mns]r2«mnr]s!]sA* rD
2

1

m3 ~«mns]r2«mnr]s!]s]lF0rl

5s0S «mnrA* r2
1

m
~]mAn* 2]nAm* !

1
1

m2 ~«mns]r2«mnr]s!]sA* r2
1

m3

3~«mns]r2«mnr]s!«rlt]s]lAt* D1OS 1

m4D
5 . . . . . . . . . . . . . . ~2.8!

It becomes now apparent that this iterative procedure
result in a formal power series in the expansion param
1/m whose coefficients will contain only the antifieldAm* and
its space-time derivatives. The above formula expresses
triviality of the field strengthFmn

0 . As a consequence, an
invariant local term depending only onFmn

0 and its space-
time derivatives can be written as a pures0-variation. Of
course, the same property holds at the level of the full BR
operators with the result that all the invariant local term
made up with the field strengthFmn and its covariant deriva
tives can be cast in the form of an exact BRST variation o
local formal power series. Therefore, from the general res
on the BRST cohomology of gauge theories@3–5#, we can
infer that in the space of the integrated local power serie
the fields and antifields, the unique nontrivial element w
the quantum numbers of an action can be identified with
pure topological Chern-Simons term4 ~see also Secs. V an
VI of Ref. @9#!.

4We recall here that, from the general theorems proven in@5#, the
antifields do not contribute to the BRST cohomology in the sec
of zero ghost number for Yang-Mills gauge theories with sem
simple group in arbitrary space-time dimension.
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It is worth recalling that, within the BRST algebrai
framework, the terms of the action which are exact turn
to correspond to pure field redefinitions. Therefore, the f
mulas~1.4!, ~1.5! arise as a consequence of the BRST tri
ality of the Yang-Mills term. We also underline that the po
sibility of rewriting the Yang-Mills action in exact form
relies crucially on the presence of the topological Che
Simons term in the starting action. As one can easily und
stand, this is due to the fact that the field variation of Che
Simons yields the~dual! of the field strengthFmn , as
expressed by the BRST transformation of the antifieldAm* in
Eqs.~2.1!. Without the presence of the term«mnrFnr in the
right hand side of Eqs.~2.1!, it would be impossible to
implement the previous recursive procedure, as the left h
side of the Eq.~2.6! would be vanishing. The formula~2.6!
would become thus useless. This means that if the Ch
Simons term is not included in the initial action, there is
way of ~re!expressing the Yang-Mills action in the form o
an exact variation of a local formal power series. Howev
as soon as the topological Chern-Simons is turned on, we
immediately reabsorb the Yang-Mills term through a nonl
ear field redefinition.

B. Complete ladder structure

The previous cohomological considerations can be und
stood in a simple way by noticing that the transformatio
~2.3! can be cast in a form which is typical of the topologic
theories of the Schwartz type@10#, as for instance pure
Chern-Simons. In fact, using as new variables the redefi
antifields

Ãmn* 5Amn* 2
1

m
«mnr]sA* rs2

1

m2 ]2Amn*

1
1

m3 «mnr]2]sA* rs1
1

m4 ]2]2Amn* 1O~1/m5!,

~2.9!

c̃* 5c* 2
1

m2 ]2c* 1
1

m4 ]2]2c* 1O~1/m5!,

with

Amn* 5«mnrA* r, ~2.10!

one easily gets, up to the order 1/m5,

s0Am5]mc,

s0c50,

s0Ãmn* 5Fmn
0 ,

s0c̃* 5 1
2 «mnr]mÃnr* . ~2.11!

This structure, called complete ladder structure@7#, implies
that all fields, but the undifferentiated ghostc can be grouped

r
-

0-3
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in BRST doublets, meaning that the cohomology ofs0 in the
space of the formal power series is spanned by polynom
in the undifferentiated ghostc. As it is well known this
result, combined with the requirement of the rigid gauge
variance@3,5#, allows us to identify the cohomology class
of the full BRST differential with the invariant polynomial
in the undifferentiated Faddeev-Popov ghostc built with mo-
nomials of the kind trc2n11, n>1. It follows then that the
cohomology ofs modulod in the sector of the local powe
series with the same quantum numbers of a Lagrangian h
unique nontrivial element, corresponding~via descent equa
tions@7#! to the ghost monomial trc3. The resulting action is
the Chern-Simons term.

Having justified the Eqs.~1.4!, ~1.5!, let us now turn to
.

r

ct
l
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the covariant character of the coefficientsqm
n in Eqs. ~1.5!.

This will be the task of the next section.

III. SOME USEFUL PROPERTIES OF THE PURE
CHERN-SIMONS ACTION

In order to account for the covariant character of the
efficients qm

n in the Eq. ~1.5!, we recall first some simple
properties of the Chern-Simons term. LetAm be a given
gauge connection and letSCS(A) be the corresponding
BRST invariant Chern-Simons action, as given by the
pression~1.3!. Let us now vary the gauge fieldAm by an
arbitrary amountdAm and let us try to establish the transfo
mation law for dAm in order that the new Chern-Simon

functionalSCS(Â) evaluated atÂm5Am1dAm , i.e.
SCS~Â!5SCS~A!1tr E d3x«mnrS 1

2
dAmFnr1

1

2
dAmDndAr1

g

3
dAmdAndArD , ~3.1!
ass

ing

the
al

gi-
is still BRST invariant. Notice also that the variationdAm is
not treated as aninfinitesimalquantity, the formula~3.1! be-
ing indeed exact.

Requiring then that

sSCS~Â!50, ~3.2!

and recalling that

sSCS~A!50, ~3.3!

we easily obtain

05tr E d3x«mnr$~sdAm2g@dAm ,c# !Fnr

12g~sdAm!dAndAr1@~sdAm!DndAr

1dAms~DndAr!#%. ~3.4!

The condition~3.4! implies that

sdAm5g@dAm ,c#, ~3.5!

meaning thus thatdAm transforms covariantly. From the Eq

~3.5! it follows that the modified fieldÂm5Am1dAm is a
connection,

sÂm5]mc1g@Âm ,c#, ~3.6!

as it should be.
We see therefore that if we vary the gauge fieldAm by an

arbitrary amountdAm which transforms covariantly unde
BRST, the resulting Chern-Simons termSCS(Am1dAm) will
remain gauge invariant. Of course, the covariant chara
persists also in the case in whichdAm is meant to be a loca
formal power series in the expansion parameter 1/m, i.e.
er

dAm5 (
n51

`
1

mn qm
n . ~3.7!

From the Eq.~3.5! we have

sqm
n 5g@qm

n ,c#, ~3.8!

owing to the fact that coefficientsqm
n with different values of

n have to be considered independent, being of different m
dimensions.

Moreover, from the Eq.~3.7! we obviously get

SCS~Am1dAm!5SCS~A!1 (
n51

`
1

mn S n, ~3.9!

S n being integrated local formal power series correspond
to the expansion ofSCS(Am1dAm) in powers of the inverse
of the topological massm, according to Eq.~3.7!.

Furthermore, from the BRST invariance ofSCS(Am
1dAm) and ofSCS(A), we have

sS n50, ~3.10!

implying that the coefficientsS n in the Eq.~3.9! are BRST
invariant. Recalling now that the Chern-Simons term is
unique nontrivial action in the space of the local form
power series, it follows that theS n’s in Eq. ~3.9! have to be
necessarily BRST exact, namely

S n5sŜn, ~3.11!

for some local integrated formal power seriesŜn with nega-
tive ghost number. We are now ready to give a cohomolo
cal proof of the Eq.~1.4!.

In fact, the following Lemma holds:
0-4
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Lemma.Among the class of the BRST invariant Cher

Simons functionalsSCS(Â)

SCS~Â!5 1
2 tr E d3x«mnr~Âm]nÂr1 2

3 gÂmÂnÂr!,

~3.12!

Âm being a connection of the type

Âm5Am1 (
n51

`
1

mn qm
n , ~3.13!

it is always possible to find a set of covariant5 coefficients
qm

n such that

SCS~Â!5SCS~A!1
1

4m
tr E d3xFmnFmn. ~3.14!

Proof. In order to prove the Lemma, we proceed by a
suming the converse, as it is usual in this kind of proble
Let us suppose then that the Eq.~3.14! does not hold, i.e. tha

SCS~Â!ÞSCS~A!1
1

4m
tr E d3xFmnFmn. ~3.15!

Therefore, recalling from the Eq.~3.11! that

SCS~Â!5SCS~A!1sS (
n51

`
1

mn ŜnD , ~3.16!

we should have

1

4m
tr E d3xFmnFmnÞsS (

n51

`
1

mn ŜnD , ~3.17!

which, of course, is in contrast with the results of the pre
ous section which allow us in fact to express the Yang-M
action as a pure BRST variation of a local formal pow
series, thereby concluding the proof of the Lemma.

The above result provides a simple cohomological und
standing of the Eqs.~1.4!, ~1.5!. It can be easily extended t
cover the case in which the initial action~1.1! is supple-
mented with generalized terms of the Yang-Mills type. W
recall in fact that among the BRST invariant actions bu
with Fmn and its covariant derivatives, the Yang-Mills La
grangian trFmnFmn is the term with the lowest mass dime
sion. Any other term of this kind will contain a higher num
ber of Fmn or Dm , increasing thus its mass dimension. As
consequence, the Abelian transformations~2.3! will get
modified by terms of higher order inFmn

0 and its space-time
derivatives. Therefore, provided the Chern-Simons term
included in the starting action, it will be always possible
generalize the formula~2.6!, thereby expressing the fiel
strengthFmn

0 as a BRST exact variation of a local form

5We recall that the covariant character of theqm
n ’s follows from

the requirement of gauge invariance ofSCS(Â).
04501
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power series. Everything will work as before, with the on
difference that the coefficientsqm

n of the nonlinear redefini-
tion ~1.5! have now to be suitably modified. However the
will remain covariant, as it will be illustrated in the following
examples.

IV. EXAMPLES

In order to have a better understanding of the previo
results, it is useful to work out the expressions of the co
ficientsqm

n in the case in which we add to the initial actio
~1.1! generalized terms of the Yang-Mills type. We sha
study in particular the following terms:

Sl~A!5
l

2m2 tr E d3x«mnrFmsDnFr
s , ~4.1!

and

St~A!5
t

4m3 tr E d3xFmnD2Fmn , ~4.2!

l, t being two dimensionless arbitrary parameters. The te
~4.1!, ~4.2! have been considered in fact by@11,12# as higher
derivatives regularizing actions for the topological mass
Yang-Mills.

Let us choose then as initial action the expression

SY M~A!1SCS~A!1Sl~A!. ~4.3!

In this case, for the first coefficientsqm
n of the expansion

~3.13! we get

qm
1 5 1

4 «mstF
st,

qm
2 5

~124l!

8
DsFsm ,

qm
3 52

~124l!

16
«mstD

sDrFrt

1
g

48
«mst@Fsr,Fr

t #. ~4.4!

Analogously, in the case in which the starting point is

SY M~A!1SCS~A!1St~A!, ~4.5!

we obtain

qm
1 5

1

4
«mstF

st,

qm
2 5

1

8
DsFsm ,

qm
3 52

1

16
«mstD

sDrFrt
0-5
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1
g

48
«mst@Fsr,Fr

t #

1
t

4
«mnrD2Fnr. ~4.6!

Of course, provided the Chern-Simons term is included
the starting action, any other combination of* tr F2,
* tr FD2F, * tr «mnrFmsDnFr

s , will lead to similar results.
Notice, finally, that the expression for the coefficientqm

1 is
independent from the parametersl,t, owing to the fact that
the two termsSl(A) andSt(A) in Eqs. ~4.1!, ~4.2! are, re-
spectively, of the order 1/m2 and 1/m3.

V. CONCLUSION

The results established in the previous sections l
us to organize the concluding remarks in two separ
classes. To the first class belong the pure geometrical
siderations. In the second one we discuss the field the
aspects. Here we will attempt to make contact with
known perturbative results on topological massive Ya
Mills @2,13,14,12,25,15,20#. We shall also try to provide a
meaningful support to a question which arises almost n
rally and which could be of great interest in order to impro
our present understanding of the effective 1PI quantum ac-
tions of three dimensional gauge theories.

A. The geometrical set up

A very simple and attractive geometrical set up emer
from the considerations of this work. The Chern-Simo
term can be interpreted in fact as a gauge invariant functio
defined on the space of all possible gauge connections o
kind ~3.13!. Any given local Yang-Mills type action is then
reproduced by evaluating the Chern-Simons functional a
specific point of this space, which amounts to a suita
choice of the gauge connection or, equivalently, of the co
e

e

s

w
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riant coefficientsqm
n . In this sense the Chern-Simons ter

may be considered as a topological generator for thr
dimensional Yang-Mills gauge theories.

Moreover, this geometrical interpretation gives us a dir
perception of howrigid can be a topological object. O
course, rigidity has here the meaning of the classical equ
lence, up to local nonlinear field redefinitions, among t
Yang-Mills type actions in the presence of Chern-Simo
and the pure Chern-Simons term. It is worth noticing that
aforementioned rigidity of Chern-Simons has been alre
underlined by@9# in the framework of the consistent defo
mations of the master equation.

B. Field theory aspects

1. Perturbative topological massive Yang-Mills
and ultraviolet finiteness

In spite of being only power counting supe
renormalizable, topological massive Yang-Mills~1.1! is ul-
traviolet finite to all orders of perturbation theory. This pro
erty has been first observed at one loop level@2,13# and later
on has been extended to all orders by combining two lo
computations with finiteness by power counting at high
loops @14#. The ultraviolet finiteness has been proven in t
Landau gauge; this gauge being always assumed in w
follows.

In order to make use of the results established in Secs
and IV, let us first analyze the meaning of the formul
~3.14!, ~3.16! from a field theory point of view. In particular
the Eq.~3.16! implies that the Yang-Mills action can be writ
ten as a pure BRST variation of a power series which c
tains terms of arbitrary dimension, according to the nonl
earity of the field redefinition~1.5!. This could seem to be in
disagreement with the standard power counting, since
BRST differential is required to act on the space of loc
terms of arbitrary dimension. Nevertheless, we can giv
meaning to Eq.~3.16! by adopting a more general point o
view and take as the starting action the formal power se
S~A!5SCS~A!1
1

4m
tr E d3xFmnFmn1(

j 52

`
1

mj S (
k51

dk

ak
jS j

k~A!D , ~5.1!
st.
ing
s
al

-
of
whereak
j are arbitrary coefficients andS j

k are all possible
higher dimensional Yang-Mills type actions built with th
field strengthF and the covariant derivativeD. The indexk
in the double sum~5.1! is needed in order to account for th
degeneracy (dk) of different Yang-Mills actions with the
same dimension. Notice also that, according to the result
Secs. III and IV, the actionS(A) in Eq. ~5.1! can be cast in

the form of a pure Chern-Simons term, i.e.S(A)5SCS(Â),

with a suitable choice of the gauge connectionÂ.
For the fully quantized action in the Landau gauge,

have therefore
of

e

S5S1tr E d3x~b]A1]mc̄Dmc1Am* Dmc2gc* c2!,

~5.2!

whereb,c̄ are the Lagrangian multiplier and the antigho
The reason for this choice is that, being now the start
actionS a formal power series, the BRST differential turn
out to be naturally defined on the space of the local form
power series.

It is worth underlining that this point of view closely fol
lows the recent new perspectives on the renormalization
0-6
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CHERN-SIMONS AS A GEOMETRICAL SETUP FOR . . . PHYSICAL REVIEW D 58 045010
gauge theories outlined in@16#. Owing to the general result
on the cohomology of gauge theories@3,5#, the action~5.2! is
indeed renormalizable6 in the sense that all divergences c
be cancelled by the infinite terms ofS, which spans all pos-
sible local BRST invariant Yang-Mills terms.

Although the actionS justifies the use of the space of th
formal power series for the BRST differential, we have
ways to face the problem of the infinite number of para
eters present in the expression~5.1!. However, it is easily
seen that all the coefficients (m,ak

j ) correspond to BRST
trivial parameters@7#. Indeed, recalling that from the resul
of the previous sections, every Yang-Mills type term can
written as the BRST variation of a formal power series,
immediately infer that

]S

]m
5BRST2variation,

~5.3!

]S

]ak
j 5BRST2variation,

the left hand side of Eq.~5.3! being understood as a forma
power series. The above equations mean thus that the de
dence of the actionS from the parametersm,ak

j can be con-
trolled through a nonlinear redefinition of the gauge field,
showed in Secs. III and IV.

We see therefore that, in spite of the presence of an
nite number of parameters, the Eq.~5.3! implies thatS pos-
sesses a unique nontrivial parameter7 g, corresponding in-
deed to the Chern-Simons action,

g
]S

]g
5SCS~A!1~BRST2variation!. ~5.4!

In addition, due to the topological character of Che
Simons, it is apparent that an equation similar to Eq.~5.3!

6According to the analysis of@16#, the model~5.2! can be seen as
a renormalizable theory fulfilling the so called structural constra
of the type A.

7This situation looks rather similar to that of other kinds of w
known models, as for instance the two-dimensional nonlinear sig
model@17# and the superspace four-dimensionalN51 super Yang-
Mills @18# which, in spite of the presence of an infinite number
parameters, turn out to be characterized only by a finite set of BR
nontrivial couplings. It should be noticed also that the requirem
that only a finite number of parameters are BRST nontrivial i
condition stronger than those assumed in@16#. This requirement,
combined with the fulfillment of the structural constraints of@16#,
could give a more precise meaning to theories which are appare
powercounting nonrenormalizable.
04501
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holds for the classical BRST invariant symmetric energy m
mentum tensor8 Tmn computed fromS,

Tmn5BRST2variation. ~5.5!

Furthermore, making use of the extended BRST techni
@19# ~see the Appendix for the details! and bearing in mind
that in three dimensions there are no gauge anomalie
follows that the Eqs.~5.3!, ~5.5! are easily extended at th
quantum level, namely

]G

]m
5BRST2variation,

]G

]ak
j 5BRST2variation, ~5.6!

@Tm
m
•G#5BRST2variation1total derivative,

where, as usual, the terms in the left hand side have to
understood as BRST exact quantum insertions of form
power series~see the Appendix! andTm

m stands for the trace
of Tmn .

This implies, in particular, that the dependence of t
quantum theory from the renormalization pointm can be
controlled by the introduction of suitable BRST exact term
These terms, being formal power series, correspond to
sible nonlinear redefinitions of the fields.

The Eqs.~5.6!, implicitly contained in the analysis of Ref
@1#, represent our algebraic understanding of the ultravio
finiteness properties and of the role of the nonlinear fi
redefinitions at the quantum level.

Recently, an independent and different proof of the ult
violet finiteness of topological massive Yang-Mills includin
the vanishing of the field anomalous dimensions has b
achieved by@20#.

2. An open question: the fully quantum equivalence

Perhaps the most intriguing question which arises na
rally in the present context is whether the classical equi
lence between the massive topological Yang-Mills and
pure Chern-Simons, as stated by Eq.~1.4!, can be extended
at the level of the full one particle irreducible~1PI! effective
actionG(A).

Of course, we are unable to give a satisfactory and defi
tive answer to this question. Only a few terms ofG(A) have
been computed till now;G(A) being an infinite series in the
loop parameter expansion\.
t

a

T
t

a

tly

8As it is well known, a symmetric classical BRST invaria
energy-momentum tensorTmn can be obtained by the standard pr
cedure of coupling the actionS to gravity and set the metric to th
flat one after taking the derivative ofS, i.e.

Tmn5
1

Ah

dS
dhmn U

h→ f lat

.

The Chern-Simons term does not contribute toTmn due to the fact
that it does not couple to the metric.
0-7
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What we shall do here is to show that, in spite of th
nonlocalcharacter, a rather large number of terms contrib
ing to G(A) can be in fact reabsorbed in the Chern-Simo
throughnonlocal, but covariantnonlinear field redefinitions

In what follows we shall strictly refer to the flat Euclidea
space-timeR 3 endowed with the constant flat metrichmn

5diag(1,1,1).
We begin with a more precise definition of the 1PI qua

tum action. The functionalG(A) is meant to be the 1PI ef
fective action computed from topological massive Yan
Mills upon quantization in the Landau gauge and af
setting to zero the classical fields corresponding to the
grangian multiplier, ghosts and antifields. ThereforeG(A)
depends only on the classical fieldAm defined through the
Legendre transformation of the generatorZc(J) of the con-
nected Green’s functions, i.e.

G~A!5 (
n52

` E d3x1 . . . .d3xnA~x1! . . . .

3A~xn!Gn~x1, . . . .,xn!, ~5.7!

whereGn(x1, . . . .,xn) is then-point9 1PI Green function.
Let us recall here the main basic facts about pure Ch

Simons and topological massive Yang-Mills at the quant
level which will be useful in the following:

G(A) is gauge invariant and contains both local andnon-
local contributions at each order of perturbation theory.

For a pure Chern-Simons theory the general covarianc
unbroken at the quantum level@21–24,28#, implying that the
dependence on the~flat! space-time metric is nonphysica
Let us also remind that, although being only powercount
renormalizable, Chern-Simons is ultraviolet finite@21–24#.

As proven by@14#, pure Chern-Simons is recovered as t
infinite mass limitm→` of topological massive Yang-Mills

In spite of the presence of the antisymmetric tensor«mnr ,
explicit regularizations preserving the BRST invariance ha
been constructed for topological massive Yang-M
@14,12,25#. Although not needed for an algebraic analys
the existence of regularizations preserving the BRST s
metry is rather important in order to carry out computatio
This means that the BRST invariance can be maintai
manifestly at each step, implying thatG(A) can be con-
structed without leaving the space of the gauge invar
terms.

Let us now focus on the structure of the 1PI effective act
G(A). Needless to say,G(A) is expected to be a quite com
plicated object. Moreover, because of the gauge invaria
G(A) will certainly contain a large number of terms bu
with the field strengthF and its covariant derivatives, inter
twined in very complicated nonlocal, but gauge invaria
combinations@13#.

9We have not specified the group indices in Eq.~5.7! since they
are not relevant for the forthcoming considerations.
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However, it is very simple to see that if we start with
gauge invariant nonlocal action built withF and its covariant
derivatives in the presence of Chern-Simons, the recur
formula ~2.6! can be suitably adapted to the nonlocal ca
with the result that the nonlocal term can be reabsorbed
the pure Chern-Simons through anonlocalfield redefinition.
Remarkably in half and in spite of the nonlocality, the red
fined gauge field will still transform as a connection, due
the fact that the coefficients entering the nonlocal redefi
tion turn out to be covariant, as it will be shown in the ne
example. Thus, a great amount of nonlocal quantum effe
coming from nonlocal terms built withF can be taken into
account by interpreting the Chern-Simons as a gauge inv
ant functional defined on the space of the gauge connect

of the typeÂ5A1dA, wheredA contains now both loca
and nonlocal covariant terms,dA5dAloc1dAnloc.

In order to have a better feeling of how things go in t
nonlocal case, let us compute the first coefficientsqm

1 ,qm
2 for

the nonlocal action

S Y M
nloc~A!5

1

4m E d3xd3yF2~x!ux2yuF2~y!, ~5.8!

with

F2~x!5tr Fmn~x!Fmn~x!. ~5.9!

The expression~5.8! is one of the simplest nonlocal invarian
terms depending onF which is expected to appear in th
loop expansion ofG(A). The coefficientsqm

1 ,qm
2 are easily

found to be

qm
1 5 1

4 «mnrFnr~x!E d3yux2yuF2~y!,

qm
2 52 1

8 S E d3yUx2yUF2~y! D
3Ds

x E d3zFm
s~x!ux2zuF2~z!, ~5.10!

Ds
x being the covariant derivative acting on the pointx. Thus

SCS~A!1S Y M
nloc~A!5SCS~Â!1O~1/m3!, ~5.11!

with

Âm5Am1
1

m
qm

1 1
1

m2 qm
2 1O~1/m3!. ~5.12!

As anticipated, the coefficientsqm
1 ,qm

2 in Eq. ~5.10!, al-
though nonlocal, transform covariantly,10 so that the rede-

10Perhaps the covariant character of the coefficientsqm in the
nonlocal case could be understood by noticing that the Lemm
the Sec. III, being of a purely geometrical nature, could be in pr
ciple applied to nonlocal actions built up withF and its covariant
derivatives.
0-8
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CHERN-SIMONS AS A GEOMETRICAL SETUP FOR . . . PHYSICAL REVIEW D 58 045010
fined field Âm is still a connection. It is worth emphasizing
that the form of the space-time function betweenF2(x) and
F2(y) in the Eq.~5.8! is in fact completely irrelevant. More
sophisticated examples of nonlocalF-dependent actions ca
be worked out, leading to similar results. We see theref
that a large class of nonlocal terms can be reabsorbed in
pure Chern-Simons. In our opinion this observation is a s
nal of the fact that the aforementioned rigidity of the top
logical Chern-Simons may persist at the quantum level.
though we have a solid understanding of the BR
cohomology in the space of the local functionals@3–5#, the
situation is completely different in the nonlocal case. Up
our knowledge there is no proof of the fact that the nonlo
terms are built essentially with the field strength and its
rivatives. Notice that we are not demanding here the co
plete characterization of the nonlocal terms, including
knowledge of the space-time dependence of the 1PIn-point
Green functionGn(x1, . . . .,xn). A weaker characterization
guaranteeing the simple presence ofF would be almost suf-
ficient in order to establish the quantum equivalence betw
G(A) andSCS(A). It would be a very nice event if in the
case of the flat space-timeR 3, the 1PI effective action could
be reset to a pure Chern-Simons, up to nonlinear field red
nitions.

Let us conclude this section by drawing a possible path
favor of this hypothesis. The forthcoming consideratio
heavily rely on a rather appealing suggestion of@13# ~see in
particular Sec. IV! and on the explicit one and two loo
computations on topological massive Yang-Mills and
pure Chern-Simons done till now@2,13,14,12,25,21,22#.

After having reabsorbed all the nonlocal terms that
can, we should be able to write the complete 1PI effect
actionG(A) in the following form:

G~A!5zSCS~Â!1J, ~5.13!

with

Â5A1dAloc1dAnloc. ~5.14!

The coefficient11 z in Eq. ~5.13! is a power series in\ ac-
counting for possible finite corrections to the Chern-Simo
term itself and can be reabsorbed by a furtherfinite multipli-
cative redefinition of the gauge field and of the couplin
constantg.

The extra termJ in Eq. ~5.13! represents all the gaug
invariant nonlocal terms which cannot be reabsorbed thro
nonlinear field redefinitions. HoweverJ should be very con-
strained. It should not containm since, due to the Eqs
~5.6!,12 m-dependent terms are expected to be related to n

11There has been a long discussion in the last years about a
sible universal meaning ofz. This question being not addresse
here, we remind the original literature@11,12,22#.

12It is useful to recall here that the actionS in Eq. ~5.2! differs
from the pure massive topological Yang-Mills by the infinite set
gauge parametersak

j .
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linear redefinitions. ThenJ should survive then the infinite
mass limitm→`. Pure Chern-Simons considerations shou
thus apply. Therefore, according to@13# ~see Sec. IV!, J
should be vanishing, due to a parity argument@13# and to the
general covariance of the Chern-Simons in the Landau ga
@21–24,28#. In summary, the 1PI effective action of topo
logical Yang-Mills in flat space-timeR 3 should be re-
summed to pure Chern-Simons, up to nonlinear field red
nitions. This behavior may be completely different for
generic curved three manifold, as other kinds of topologi
invariants like the Ray-Singer torsion@26# are expected to
appear.

It is rather important to underline here that a nonloc
field redefinition has been in fact already used by@25# in
order to reset the one loop effective action of Chern-Sim
in the light cone gauge to a pure Chern-Simons action.

Other kinds of three-dimensional effective actions, as
instance the fermionic determinant of a two component m
sive spinor could be contemplated. Indeed, the infinite m
limit of the Abelian fermionic determinant in flat space-tim
is nothing, but pure Chern-Simons@27#. Moreover, the per-
turbative expression obtained so far for the Abelian deter
nant can be easily reabsorbed through nonlinear redefinit
@29# into a pure Chern-Simons, providing thus a further e
dence

C. Final remarks

We emphasize once again that the interpretation of
Chern-Simons as a gauge invariant functional which is a
to reproduce any givenlocal Yang-Mills type action is rather
attractive.

Whether this pure geometrical set up can be extende
the level of the full 1PI effective quantum action is still a
open question. In any case a great part ofG(A) can be cer-
tainly reset to a pure Chern-Simons term up to nonlin
field redefinitions.

It is worth underlining that the covariant character of t
coefficientsqm ~in both local and nonlocal case! which al-

lows to interpret the redefined fieldÂm as a gauge connectio
could shed some light on the role of the nonlinear field
definitions in quantum field theory. This point could be of
certain relevance within the new recent perspectives on
renormalization of gauge theories@16#.

The present results naturally remind us the relations

with general relativity. After all, beingÂm a connection, the

resulting actionSCS(Â) is gauge invariant and looks as goo
as the initial oneSCS(A). This suggests that, as far as th
gauge invariance is taken as the guide principle in orde
select appropriate actions, we should still have the freed
of choosing the connection.

The inclusion of matter fields is under investigation.
We hope, finally, that this work will be of some help i

order to improve our present understanding of thr
dimensional gauge theories and of the role of the topolog
actions.

os-

f
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APPENDIX

1. Extended BRST technique

The extended BRST technique@19# is a very powerful
tool which allows us to control the dependence of the the
at the quantum level from parameters associated to e
BRST terms. Let us present here how this technique work
the case of the parameterm of the actionS in Eq. ~5.2!:
ld

to

t

04501
-
i,

ly

y
ct
in

S5S1tr E d3x~b]A1]mc̄Dmc1Am* Dmc2gc* c2!,

~A1!

with

S~A!5SCS~A!1
1

4m
tr E d3xFmnFmn

1(
j 52

`
1

mj S (
k51

dk

ak
jS j

k~A!D . ~A2!

The actionS obeys the classical Slavnov-Taylor identity

tr E d3xS dS

dAm

dS

dA* m 1
dS

dc

dS

dc*
1b

dS

d c̄
D 50, ~A3!

from which it follows that the so called linearized operat
BS defined as
BS5tr E d3xS dS

dAm

d

dA* m 1
dS

dA* m

d

dAm
1

dS

dc

d

dc*
1

dS

dc*
d

dc
1b

d

d c̄
D , ~A4!
-

an
is nilpotent

BSBS50. ~A5!

As it is well known@7#, this operator identifies the full BRST
differential acting on the fields and antifields.

Owing to the results of Secs. III and IV, we have

]S

]m
5BSL, ~A6!

L being an integrated local formal power series in the fie
and antifields of ghost number21. According to@19#, we
introduce the termL in the classical actionS by means of a
constant parameterj of ghost number 1, namely

S̃5S1jL. ~A7!

Let us now compute the quantity

tr E d3xS dS̃

dAm

dS̃

dA* m 1
dS̃

dc

dS̃

dc*
1b

dS̃

d c̄
D . ~A8!

The expression~A8! is expected to be nonvanishing, due

the use of the modified actionS̃. However, due to the fac
that jj50, we easily get
s

tr E d3xS dS̃

dAm

dS̃

dA* m 1
dS̃

dc

dS̃

dc*
1b

dS̃

d c̄
D 52jBSL.

~A9!

Therefore from

jBSL5j
]S

]m
5jS ]S̃

]m
2j

]L

]m
D 5j

]S̃

]m
, ~A10!

it follows that the actionS̃ satisfies the modified Slavnov
Taylor identity

E d3x trS dS̃

dAm

dS̃

dA* m 1
dS̃

dc

dS̃

dc*
1b

dS̃

d c̄
D 1j

]S̃

]m
50.

~A11!

This expression is easily recognized to be of the type of
extended Slavnov-Taylor identity@19#. In fact, from a co-
homological point of view, the parametersj,m form a dou-
blet, i.e.

BS̃m5j, BS̃j50. ~A12!

The absence of gauge anomalies in three dimensions~see
Subsec. II B! guarantees thus that the identity~A11! holds at
the quantum level

E d3x trS dG̃

dAm

dG̃

dA* m 1
dG̃

dc

dG̃

dc*
1b

dG̃

d c̄
D 1j

]G̃

]m
50.

~A13!
0-10
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Acting now on the expression~A13! with the test operator
]/]j and settingj to zero, we immediately get

]G

]m
5BG@L•G#, ~A14!

G5G̃uj50 ,

thereby proving the statement~5.6!. The same procedure ap
plies to the parametersak

j as well as to the energy
.
rk
97

ev

l-

th

-

s

n,

B

s.

04501
momentum tensor. In the latter case the extended BR
technique has to be done twice. First one considers the i
grated insertion*d3x@Tm

m
•G#, for which one gets

E d3x@Tm
m
•G#5BRST2variation. ~A15!

A further application of the extended BRST technique w
local space-time dependent parameters allows to obtain
final result~5.6!.
A
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